INFINITELY MANY POSITIVE SOLUTIONS FOR THE NONLINEAR 
SCHRODINGER EQUATIONS IN 



JUNCHENG WEI AND SHUSEN YAN 

Abstract. We consider the following nonlinear problem in 

- Au + V{\y\)u^uP, u>OinK^, u e H\R^) (0.1) 

where V{r) is a positive function, 1 < p < ^3§. We show that if V{r) has the following 
expansion: There are constants a>0, to>1,0>O, and Vq > 0, such that 

^M-K, + ^ + 0(^), asr^+oo, 

then (|0.ip has infinitely many non-radial positive solutions, whose energy can be 
made arbitrarily large. 



1. Introduction 
Standing waves for the following nonlinear Sclirodinger equation in M^: 

-^^ = Ai;-V{y)^^; + \^pr'^^;, (1.1) 

where p > I, are solutions of the form 'i/j{t, y) = exp{iXt)u{y). Assuming that the amplitude 
u{y) is positive and vanishes at infinity, we see that ijj satisfies (11. II) if and only if u solves 
the nonlinear elliptic problem 

-Au + V{y)u = uP, u>0, lim u{y) = 0, (1.2) 

where V{y) = V{y) + A. In the rest of this paper, we will assume that V is bounded, and 
V{y) >Vo>0. 

A problem which is similar to (11.21) is the following scalar field equation: 

-Au + u = Q{y)uP, u>0, lim u{y)=0, (1.3) 

\y\^+oo 

where Q{y) is bounded, and Q{y) > Qo > 0. 
If 

inf V{y) < lim V{x), (or sup Q{y) > lim Q{x)), (1.4) 



then, using the concentration compactness principle [25] , one can show that (11. 2p and 
(11. 3p have a least energy solution. See for example [TTJ [211 ISSl [28]. But if (11.41) does not 
hold, (11.21) (or (11.31) ) may not have least energy solution. So, one needs to find solution 
with higher energy level. For results on this aspect, the readers can refer to [ll[5],[6]. Note 
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that the energy of the solutions in |H |6] is less than twice of the first level at which the 
Palais-Smale condition fails. 

Recently, Cerami, Devillanova and Solimini [9] showed that the following problem 

— A-u + V{y)u = \uf~^u, hm u{y) = 0, 

\y\—*+ao 

has infinitely many sign-changing solutions if V{y) tends to its limit at infinity from 
below with a suitably rate. Except [10], where Q{y) is periodic, there is no result on the 
multiplicity of positive solutions for 01.21] (or (11.31) ). 

On the other hand, if we consider the following singularly perturbed problem: 

- e^Au + V{y)u = u^, u>0, lim u{y) = 0, (1.5) 

or 

~ e'^Au + u = Q{y)uP, u>0, lim u{y) = 0, (1.6) 

where e > is a small parameter, then the number of the critical points of V{y) (or Q{y)) 
(see for example [H H IB],II3]-[IS],IIS1 [23 EH] ), the type of the critical points of V{y) (or 
Q{y)) (see for example [121 EB I2S|, and the topology of the level set of V{y) (or Q{y)) 
[21 El HH [19], can affect the number of the solutions for (11. 5p (or (11.61) ). But for the 
singularly perturbed problems (II. 5p and (II. 6p . the parameter e will tend to zero as the 
number of the solutions tends to infinity. So, all these results do not give any multiplicity 
result for ([112]) (or ([L3|) ). 

In this paper, we assume that V{y) is radial. That is, V{y) = V{\y\). Thus, we consider 
the following problem 

- Au + V{\y\)u = uP,u> inR^, ueH\R^), (1.7) 
where 1 < p < if > 3, 1 < p < +oo if = 2. We assume 

lim V{\y\) = Vo>0. 

\y\^+oo 

Note that if V{r) is non- decreasing, by [20], any solution of (11.70 is radial. 

The aim of this paper is to obtain infinitely many non-radial positive solutions for 
(ll.7p under an assumption for V{r) near the infinity. We assume that V{r) > satisfies 
the following condition: 

(V): There is are constants a > 0, m > 1, 6* > 0, and Vq > 0, such that 

V{r) = Vo + — + 0(^), (1.8) 

as r — > +00. (Without loss of generality, we may assume that Vq = 1.) 
Our main result in this paper can be stated as follows: 



Theorem 1.1. // V{r) satisfies (V), then problem (LI) has infinitely many non-radial 
positive solutions. 
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Remark 1.2. To obtain the result in Theorem ll.il (11.81) can not be changed to 

nr) = Vo-^ + 0{^), (1.9) 

In fact, it is easy to find a function V{r), satisfying V'{r) > and (11. 9p . So, for this V, all 
the solutions must be radial. 

Remark 1.3. The radial symmetry can be replaced by the following weaker symmetry 
assumption: after suitably rotating the coordinate system, 

(VI) Viy) = Viy\y") = Vi\y'\, \y;l M), where y = {y\y") G x R^-^, 
(V2) V{y) = Vo + ^ + '^(h^) 1^1 ^ ^^^^^ a > 0, m > 1, ^ > 0, and H > 
are some constants. 

We believe that Theorem II. II is still true for non-radial potential V{y). So, we make the 
following conjecture: 

Conjecture: Problem (11.21) has infinitely many solutions, if 

as \y\ +00, where Vo>0, a>0,m>0 and 9 > Q are some constants. 
Remark 1.4. Using the same argument, we can prove that if 

where Qo > 0, a > 0, m > 1 and 9 > are some constants, then 

-/\u + u = Q{\y\)vP, u>Q, ueH\R^), 
has infinitely many positive non-radial solutions. 
Remark 1.5. If V{r) tends to Vq from below, i.e. V satisfies 

nr) = Vo-^ + 0{^), (1.10) 

as r — » +00, then we can use similar method to prove the existence of infinitely many sign- 
changing solutions. This recovers the result in |,9|, at least when V is radially symmetric. 

Before we close this introduction, let us outline the main idea in the proof of Theorem II. 11 
We will construct solutions with large number of bumps near the infinity. Since we 
assume 

hm V{\y\) = l, 

|y|-»+oo 

we will use the solution of 

' -Au + u = uP, u>0, in M^, 
u{y) — > 0, as \y\ oo, 
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to build up the approximate solutions for (11.71) . It is well-known that (11.111) has a unique 
solution U, satisfying U{y) = U{\y\), U' < 0. 



where U^^{y) = U{y - Xj). 

Theorem 11.11 is a direct consequence of the following result: 

Theorem 1.6. Suppose that V{r) satisfies (V). Then there is an integer ko > 0, such that 
for any integer k > ko, (I1.7P has a solution Uk of the form 



We will use the techniques in the singularly perturbed elliptic problems to prove Theo- 
rem [T21 For singularly perturbed problems (similar to (II. 5p ). a small parameter is present 
either in the front of the A or in the nonlinearity. Here for our problem (11.71) . there is no 
parameter to use. However we use the loss of compactness to build up solutions. More 
precisely, because of the domain we can use k, the number of the bumps of the 
solutions, as the parameter in the construction of spike solutions for (11.71) . This seems to 
be a new idea. This is partly motivated by recent paper of Lin-Ni-Wei |23] where they 
constructed multiple spikes to a singularly perturbed problem. There they allowed the 
number of spikes to depend on the small parameter. 

This paper is organized as follows. In section 2, we will carry out the reduction. Then, 
we will study the reduced finite dimensional problem and prove Theorem 11.61 We will leave 
all the technical calculations in the appendix. 



Let 




Let 



k 



Wr{y) = Y.U.,{y) 



Uk = Wr^iy) + UJk, 

where Uk € Hg, r^ G [rokln k, rikln k] and as k +oo 
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2. Proof the the main result 

Let 

or 

where Xj — (r cos rsin ^^^^i^, O). In this paper, we always assume 

reSk=: [{—-P)klnk,{— + (3)k\nk], (2.1) 
Ztt Zn 

where rn is the constant in the expansion for V, and /3 > is a small constant. 
Define 

E^{v:veH,.^ [ U^-'Zjv^O, j^l,--- ,k} 

Jm 

The norm of H^{R^) is defined as follows: 

\\v\\^^f(^, veH\R''), 

where 

{vi,V2)^ / (D^;iL»^;2 + \/(||y|)^;iW2). 

It is easy to check that 

/ {Dv,Dv2 + V{\y\)viV2-pWr'viV2), v,,V2eE, 

is a bounded bilinear functional in E. Thus, there is a bounded linear operator L from E 
to E, such that 

{Lvi,V2) = {DviDv2 + V{\y\)viV2-pWP-^ViV2), Vi,V2eE. 
The next lemma shows that L is invertible in E. 
Lemma 2.1. There is a constant p> 0, independent of k, such that for any r e S^, 

\\Lv\\ > p\\v\\, V & E. 

Proof. We argue by contradiction. Suppose that there are n — > +00, r^ & S^, and G E, 
with 

\\Lvk\\ = o{l)\\vk\\. 

Then 

{Lvk,ip)^o{l)\\vk\M\, y^peE. (2.2) 

We may assume that \\vk\\^ — k. 
Let 
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= {y = iy',y") e x M^- : (^,^> > cos^}. 



By symmetry, we see from (12.21) . 



{DvkDip + Vi\y\)vkip - pWrW^) = jiLvk, if) = o(4=) llv^ll , V G E. (2.3) 
In particular, 

' {\Dv,\' + Vi\y\)vl-pWr'vl)=oil), 



and 



/ {\Dv,\' + V{\y\)vl)=l. (2.4) 

Let Vk{y) = Vkiy — xi). Then for any _R > 0, since |x2 — xi| = rsin | > ^ In/^, we see 
that Bji{xi) C Qi. As a result, from (12. 4p . we find that for any R > 0, 

I {\Dv,\' + V{\y\)vl)<l. 
So, we may assume that there is a G H^{R^), such that as A; — > +oo, 



Vk ^ V, weakly in Hi 

and 



Vk V, strongly in Lf„^(R^) 



On the other hand, from 



Since Vk is even in yh, h = 2, - ■ ■ , N, it is easy to see that v is even in yt, h = 2, - ■ ■ ,N. 

Jrn 



we obtain 



So, V satisfies 



ox I 



UP-'^v = 0. (2.5) 

OXi 

Now, we claim that v satisfies 

-Av + v-pUP-\ = 0, inR^. (2.6) 
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Define 



J^N OX I 



For any R > 0, let E C^(Sr(0)) fl i? be any function, satisfying tliat ip is even in 
Vh, h = 2, ■ ■ ■ ,N. Tlien (fk{y) =■ ^{y - Xi) G C^{Br{xi)). Inserting ipk into (ES]), using 
Lemma [A. H we find 

/ {DvD^ + v^-pUP-hp) =0. (2.7) 

On tlie otlier fiand, since v is even in yh, h = 2, ■ ■ ■ , A^, (12 .7^ liolds for any function 
(p G C^(M^), wliicli is odd in i/h, h = 2, ■ ■ ■ , A. Tlierefore, (12 ■7p holds for any G 
Co°°(5/j(0)) n E. By the density of Co°°(M^) in H\R^), it is easy to show that 

/ (DvD^ + vp-pUP~hp) =0, \/(peE. (2.8) 
But (12. 8p holds for (p = Thus (12.81) is true for any p G H^{M.^). So, we have proved 

Since [/ is non-degenerate, we see that v = because v is even in yh, h = 2, - ■ ■ , iV. 
From (12. 5p . we find 

v = 0. 

As a result, 

/ t^^ = o(l), Vi?>0. 

On the other hand, it follows from Lemma lA.ll that for any small ?7 > 0, there is a 
constant C > 0, such that 



Thus, 



0(1) = / {\Dv,\' + V{\y\)vl~pW^!!;'vl) 

{\Dv,\' + Vi\y\)vl) + 0(1) + 0(e-(^-'')(^-i)^) / 
>i / {\Dv,\' + V{\y\)vl)+o{l). 



2 

This is a contradiction to (12. 4p . 



□ 



8 JUNCHENG WEI AND SHUSEN YAN 

Define 



I{u) = \ I {\Du\' + V{\y\W-^ I 

^ JRN P + ^ JW 



\U 



p+l 



Let 

We have 

Proposition 2.2. There is an integer > 0, such that for each k > k^, there is a 
map from Sk to Hg: = <p{r), r = \xi\, satisfying (p & E, and 



Moreover, there is a small a > 0, such that 



Proof. Expand J{4>) as follows: 



J(0) = J(0) + m + 1(L0, 0) + (PeE, 



where 



L is the bounded linear map from i? to E" in Lemma 12.11 and 

RU) = ^— f (\w + - (p+l)WP(j)--(p + l)pWP-'(j)^). 

p+l J^N^ 2 

Since l{<f)) is a bounded linear functional in E, we know that there is an Ik G E, such that 

Thus, finding a critical point for J{(f)) is equivalent to solving 

lk + L(f) + R'{(P) = 0. (2.11) 
By Lemma [2.11 L is invertible. Thus, (12. lip can be rewritten as 

= A(0) =:-L-Hk-L-'R'{(l>). 

Let 

5={0:0GE,||0||<-4r}- 

k 2 
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If p < 2, then it is easy to check that 

\\R'm<cur. 

So, from Lemma 12.31 below, 

um < c\\h\\ + cii^r < 7^ + < (2.12) 

k 2 ^ — 2 — k' 

Thus, A maps S into 6" if p < 2. 
On the other hand, if p < 2, then 

\\R"m<cu\r\ 

Thus, 



2 



-'5 



<c{mr' + mr') Ui - m < ^Ui - u- 

So, we have proved that if p < 2, A is a contraction map. Therefore, we have proved that 
if p < 2, ^4 is a contraction map from S to S. So, the result follows from the contraction 
mapping theorem. 

It remains to deal with the case p > 2. 

Suppose that p > 2. Since 

\{R'{cP),^)\<c [ wr'm^\<c([ {wr'\cp\'y-^)'^m- 

we find 

\\R'm<c([ {wrm"^)^. 

On the other hand, it follows from Lemma lA.ll that Wr is bounded. Since 2 < ^ < 
p + 1, we obtain 

\\R'm<c(f i<^i^^^< - 



For the estimate of ||-R"(0)||, we have 



\R"im.v)\ <c [ wr'imwvi <c [ \m\v\ 
<c{[ \ct>\')H[ \cf)H[ i^i')^<cii</'iiiieiiii^ii, 



since 2 < 3 < p + L So 

\\R"m<cm. 
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Thus, 



\R'm<T^< 



f.m-1 - J^^+a' 

As a result, 



mm < c\\h\\ + c\\R'm < < (2.13) 



Thus, A maps S to S. 
On the other hand. 



\R"m<cm< ^ 



m-l 1 

k 2 



which imphes that ^ is a contraction map. So, we have proved that if p > 2, then A 
is a contraction map from S to S. And the result follows from the contraction mapping 
theorem. 

Finally, fCTID follows from fl^TT^ and (ICT) . 



□ 



Lemma 2.3. There is a small a > 0, such that 

C 



\\lk\\ < 

Proof. By the symmetry of the problem 



^ I — m — 1 , ^ 



k 

J2 [ {V{\y\)-l)U.,<P=k [ {V{\y\)-l)U.,<p 
-k [ {Vi\y -x,\)- l)U<P{y - X,) < kO{\) (2-14) 



c 

< 



- m — 1 I ^ 



because m > 1. 

On the other hand, for any ?/ G i^i. 



Thus, 
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<Ck j Ul;^ U^^ 101 <CkJ2 e-^^l^^-^il 



k 



J=2 



i=2 



1 \ P+i 



i=2 

where r > is any small fixed constant. 

From the definition of in fl2.ll) . we see that for any r G S'fc 



c 



j=2 



Since 



pm p m — 1 

> , V m > 1, 

2 p+1 2 



we obtain from fl2.15p that 



1=1 



< 



c 



, m — 1 I ^ 



The result follows from (1211) and fl2:T6|) . 



(2.15) 



(2.16) 



□ 



We are ready to prove Theorem 1 1.61 Let <p = <p{r) be the map obtained in Proposition [2?2l 
Define 

F{r) = I{Wr + (j)), \/reSk. 

It is well known that if r is a critical point of F{r), then Wr + is a solution of fll.7p . (See 
^ or ^.) 

Proof of Theorem \1.(A It follows from Propositions 12.21 and IA.3I that 



F(r) = /(W) + /(0) + -(L0,0> + i?(0) 
-I{W) + 0{\\k\\U\\ + Ur) 



Consider 
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max{F(r) : r e Sk}. (2.17) 
For the definition of Sk, see (12.11) . Since the function 



has a maximum point 



Boe k 



fk = {— + o{l))k\nk, 
Zn 



which is an interior point of Sk, it is easy to check that (I2.17P is achieved by some r^, which 
is in the interior of Sk- Thus, is a critical point of F{r). As a result 



is a solution of (II. 7p . 



□ 



Appendix A. Energy Expansion 
In this section, we will give the energy expansion for the approximate solutions. Recall 

2(j-l)7r . 2(j-l)7r 



Xj = {r cos ,rsin ,0), j = l,---,k, 

% = {y = {y\ y") e x r^-' : ^> > cos ^}, j = i,---,k, 

^\y'\ \Xj\' 

and 

I{u) = l[ {\Du\^ + u-)--^l \ur\ 
Firstly, we have the following basic estimate: 
Lemma A.l. For any y G Qi, and rj G (0, 1], there is a constant C > 0, such that 

k 

Proof. For any y G l^i, we have \y — Xj\ > \y — xi\. 
If \y — Xi\ > 2\xj — Xi\, then for any y G Qi, 

— (jQ-v\y-^i\Q-i^-V)\y-xi\ < (^g-2r;|x-j-x-i|g-(l-r;)ly-xil^ 

If |y — Xi| < 2\xj — Xi\, then 
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\y -Xj\> \xj - xil -\y- xi\ > - xi\. 

So for any y G fii, 
Thus, 

k k 

j=2 j=2 

k 

i=2 

In this appendix, we denote r = and we always assume that 

r e Sk, 

where Sk is defined in fl2.ip . 
Proposition A. 2. We have 

nuxj = A+^+o{^), 

where 

Proof. We have 

i{UxJ = l[ i\Du\' + u')-^ [ u^^' + ll {V{\y\)-l)a 

=A + \I {V{\y-x,\)-l)U\ 



2 



2 

On the other hand, for any small r > 0, using (V), 



□ 



(A.l) 



(A.2) 
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But for any a > 0, 



Thus, 



Inserting flA.SP into flA.2p . we obtain 



(A.3) 



(V(\y-Xi\)-l)U^ = — + 0( ^^7^). (A.4) 



Thus, the result follows from ( lA.ll) and f lA.4l) . 

Proposition A.3. There is a small constant a > 0, such that 



□ 



nWr) = k{A+^-B.e-^ + 0{^)[ 
where A and Bi are the constants in Proposition \A.^ and B2 > is a positive constant. 
Proof. Using the symmetry, 

k k 

=k [ u^+' + kJ2[ us,u,. 



(A.5) 



Recall 



fi, = {y=iy',y") e x R^-' (^,^> > cos^}, j = I,-- - 



It follows from Lemma [A. II that 



{V{\y\)-l)W^ = k {V{\y\)-l)W^ 



kj^ (y(|^|)_l)(f/^,^ + 0(e-|l-^lfe-^l^--il)^ 
kf {V{\y\)-l)Ul+koU |y(|y|)-l|e-^l-lfe-l^--l) 



(A.6) 
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Suppose that p < 3. Then, for any y G ^i, 



k 

£+1 ,1 ^ P+1 

2 



i=2 j=2 

Using Lemma [A. 11 we have 

i=2 

But for any r E Sk, 

i=2 

So, we obtain that for p G (1, 3], if /5 > is small enough, 

Jfii 

k k 



(A.7) 



"^^1 i=2 1=2 

k 

=k{r uc'+ip+i)Y: 

Suppose that p > 3. Then for any y G fii, 

fc k 

3=2 j=2 

Since p — 1 > 2, similar to the proof of (]A.7p . we can obtain the following estimate for 
p > 3: 



(A. 



Combining f[0) . ([QD . ([0]) and (lAlSD . we are led to 
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But there are constants cr > 0, S2 > and > 0, such that 

1=2^*" ' i=2 i=2 

=3^6 ~ + 0{e s j. 

So the result follows. 

□ 
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